The paper introduces a simple theoretical model aimed to provide a possible derivation of the quantum fluctuations of the black body radiation. The model offers the chance of inferring and linking contextually quantum and relativistic results.
Introduction
In 1859, Kirchhoff had the remarkable idea that a small hole in the side of a massive body of material containing a large cavity was the best experimental approximation of the concept of total absorber: the radiation penetrating through the hole was correctly assumed bouncing between the internal walls of the cavity with a little probability of escaping outside. With this viewpoint, still today acknowledged [1] , Planck modeled 1901 the thermodynamic equilibrium of the radiation field inside the cavity. Since any thermodynamic system is subjected to statistical fluctuations around the equilibrium configuration, Einstein proposed in 1909 a theoretical model about these fluctuations working on the Planck result. The Einstein model was focused essentially on the black body radiation assumed at the equilibrium in a cavity with perfectly reflecting walls. This assumption arose however the difficulty of explaining the thermalization mechanism of the radiation field. The second law of thermodynamics states that any system left undisturbed for a sufficiently long time tends to the equilibrium state [2] ; nevertheless the thermalization time of photons at temperatures below 109 K is expectedly very long, as their direct interaction is negligible compared to that with matter [3] . The fact that the thermalization process is slightly shortened in the presence of rarefied gas particles [4] , shows that in fact the interaction of photons with matter, i.e. with the internal walls of the cavity, is required to explain the equilibrium condition of the black body at the S. Tosto usual temperatures and times at which is tested the Planck law. The equilibrium condition is attained therefore considering partially reflecting walls of the cavity to promote the photon-solid matter interaction mechanism via continuous absorption and reemission of radiation.
The problem of the quantum fluctuations of black body radiation is still today debated for its theoretical interest [5] [6] , in particular as concerns the thermalization mechanism of the photons in the cavity. Just this is the problem: any model aimed to describe the Planck law and its transient deviations from the equilibrium should infer explicitly this kind of interaction, without need of postulating it separately and purposely. Moreover, the fluctuation of a thermodynamic system implies in general several non-equilibrium phenomena, e.g. local temperature gradients and configuration changes; specifically, are expected gradients of radiation frequency and mass evaporated from the internal surface of the cavity, whose dynamics contributes to the thermalization of photons.
While focusing on the radiation field only seems reductive, the variety of phenomena involved when a black body system is out of the equilibrium suggests the usefulness of a comprehensive approach to the problem and introduces the three main motivations of this paper:
1) To propose a model where the photon interaction with the walls of the cavity appears as a natural consequence of the theoretical approach underlying the black body physics.
2) To highlight the thermodynamic aspects of the black body fluctuations with reference to their quantum basis, in particular the uncertainty principle.
3) To show that relativistic results are also obtainable in the frame of a unique conceptual model.
After a preliminary outline of the main dynamical variables prospectively implicated in the problem, the model is specifically addressed to introduce not only the fluctuation but also the main physical laws expectedly useful to describe it. Despite the inherent complexity of the problem, the exposition is organized in order to be as simple, gradual and self-contained as possible.
Preliminary Considerations
Consider one free particle of mass m moving within a space range x ∆ during a time range t ∆ . It is in principle possible to express x ∆ as a function of the Compton length C λ of the particle; so define the range size in C λ units putting
where n is an arbitrary real number. The second position emphasizes that the range x ∆ where the particle is allowed to move cannot be smaller than C λ , which is an intrinsic physical property of the particle itself through its mass m. In principle, nothing hinders to express the numerical parameter n as the ratio c v , being v the component of velocity of the particle along x ∆ : is attracting the chance 
In other words, the matter wave propagating at rate v c < implies λ λ ′ < in agreement with 0 E ε > . The result (6) is interesting because it is easy to show that ( )
so, through the position n c v = , Equation (6) yield the De Broglie wave momentum of the particle and contextually the relativistic expressions of energy and momentum, whereas Equations (1) and (6) imply the corpuscle/wave dual behavior of matter.
To check this point, replace in the first Equation ( 
This limit holds for a photon wave, in which case Equation (6) yields cp ε = . For a massive particle instead
If mv γ is an invariant expression of momentum, then the right hand side must be an invariant quantity as well; in effect t′ ∆ for v const = is the Lorentz transformation of t ∆ between inertial reference systems displacing at rate v, in either of which the particle is at rest. Moreover it appears that γ is not mere numerical factor, actually it allows linking the cases 0 m ≠ and 0 m = depending on whether 1 v c ≤ .
These conclusions are inferred regarding in particular x ∆ as a mere range size; i.e. the kinetic properties of a free particle follow simply as a consequence of the space and time ranges available to and compatible with its dynamical behavior. The frequency ν defines the range size
according to Equation (2); i.e., in agreement with the dual behavior of matter, the range size is related via ν to the wavelength of the pertinent matter wave.
Furthermore, an interesting consequence follows regarding x ∆ as a physical constrain to the particle delocalization: for example one could suppose that x ∆ is delimited by two infinite potential walls that define its boundaries, in which case the particle must be thought bouncing back and forth in a given space range without chance of escaping. In other words, Equation (1) does not exclude that t the time t t δ ∆ + the particle could be located at x x δ ∆ + , as instead it is purposely excluded now. If so, then x ∆ is actually an one-dimensional cavity; thus the concept of frequency ν is no longer the reciprocal time range necessary for the photon to travel x ∆ , rather it is related to the bouncing rate physically implied by the boundary potential walls. This is understandable thinking a steady photon wave with wavelength max 2 x λ = ∆ or matter wave with wavelength max 2 x λ γ ′ = ∆ of Equation (5), both additional to all wavelengths allowed in the cavity. So, owing to Equation (2), the lowest frequencies allowed for photon or massive particle traveling through λ′ have been inferred in Equation (11) after having simulated a confinement mechanism constraining any particle to move within x ∆ ;
it is easy to show however the possibility of reversing this path, i.e. that once admitting the existence of the limit momentum wavelengths max λ and max λ′ it is possible to infer a mechanism that constrains the motion of any particle within x ∆ only. This point is highlighted just below and later in the Section 7. Implement to this purpose the case of a particle bouncing elastically back and forth against either boundary wall that delimits the confinement range, Equation (11); the momentum change of the particle reads thus
If the bouncing lasts a time range t ∆ , the force acting on the wall is
the subscript pw stands for "potential wall" to stress that this particular range is able to confine any particle. It is clearly possible to express F in Planck units via an appropriate multiplicative factor q; then the last result reads 
which expresses the condition even for a photon to be trapped inside any x ∆ of such size together with M by consequence of the gravitational effect of this latter. For obvious reasons, the subscript pw has been replaced by that stressing the idea of M driven confinement. Start eventually from the identity (1) x h mv ∆ ≡ to obtain p x h γ ∆ = thanks to Equations (1) and (3); being by definition 1 γ < , one infers p x h ∆ > whatever 0 v ≠ might be in the reference system R. Moreover, replacing p via the first Equation (6) .
Apart from the simplicity of reasoning, is remarkable the fact that the most typical feature of the quantum physics, the Heisenberg inequalities, has been obtained from the relativistic Equation (6) .
Equation (3) and other results of this section have been inferred directly from general considerations about the properties of the space time [7] in the frame of a unique and comprehensive approach "ab initio". Equation (7) will be examined further on in the Sections 4 and 7 to clarify how these considerations are linked to the quantum fluctuations.
Fluctuations
This section introduces the fluctuation of all variables previously introduced, with the aim of finding possible links between these variations. Differentiate 0 nE ε = to simulate the physical idea that both energies are subjected to fluctuate: as by definition the dynamical variable of 0 ε is the mass m whereas that of E is the frequency ν , write thus according to Equation (3) pendent of the respective eq E and 0eq
ε , which will be denoted in the following as E and 0 ε for simplicity of notation. Trivial manipulations of Equation (13) yield 
of course hence, owing to Equations (3) and (13),
This result yields:
These equations are obtained simply averaging the ratios of Equation (19). It worth emphasizing that So far the first Equation (3) is the only equation correlating E and 0 ε . To find a second equation, the one linking E and v, consider now Equation (13) that involves the variables appearing in (17) and yields
which yields at the first order of approximation
if the position (23) is correct, then even this lowest order of approximation should give a sensible result. The validity of Equation (24) of Equation (1) . Clearly with an appropriate choice of the integration constant this inequality holds even retaining the 1 ζ term.
Before proceeding, it is useful to verify further the validity of the equations hitherto inferred, in particular as concerns the physical meaning of the series expansion (23) of Equation (15). A simple one-dimensional approach is still enough for the present purposes.
Check of the Preliminary Results
Recalling Equations (10) and (1), trivial manipulations show that Equation (19) reads
. λ ν of diffusion coefficient to the appropriate value in specific situations. Specifically, as it will be shown below, this result also implies regarding x ∆ as the distance separating the surfaces of two bodies of matter: thinking for example to the black body, m can be the mass of a particle evaporated from the internal surface of the cavity and diffusing throughout the cavity, whose size x ∆ is defined as a function of n.
From Equation (25) follow interesting consequences. Rewrite
where o V is an arbitrary constant volume.
Note that ( )
has physical dimensions time/mass; thus β is the particle mobility, also defined as velocity/force. Moreover D β has physical dimensions force × length, i.e. pressure × volume.
The dimensional analysis suggests that D β should be related to, and thus propor-
and merging the proportionality constant with k of Equation (18), one finds concurrently three relevant results.
First the well known law pressure volume B k T × = ; of course this result holds for non interacting particles, as in the case of an ideal gas, whereas T is clearly linked to 2 v previously found. With specific reference to the present model, the gas is that formed by evaporation of matter from the internal walls of the cavity containing the Planck radiation;
2 v is related to the temperature of gas particles in equilibrium with the surface of the cavity.
Moreover In effect, the diffusion equations are contextually obtainable. Dividing both sides of Equation (25) 
This is the well known Fick diffusion law, from which also follows the second Fick law with the help of an appropriate continuity equation that excludes mass sinks or sources within o V . Given a function
Putting by definition f = G v , where G is an arbitrary vector to be specified, the result
The solenoidal character of the velocity vector excludes sinks or sources of matter crossing from inside or outside the surface of an ideal flux pipe around v. Also, it is clearly convenient to identify the arbitrary vector G with the flux vector J and thus f C
i.e. the definition of mass flux and the one dimensional second Fick law.
Eventually, Equation (26) reads with the help of Equations (3) and (27) as follows
Suppose now that m is the j-th mass in a system constituted of a number tot j of masses, i.e. actually it is regarded here as j m . Next sum up this equation over j, i.e.
over all masses of the system; one finds thus log , , .
Since by definition log log log . It appears that the energy fluctuation δν of the radiation is linked to the evaporation or deposition rates mν of matter on or from the contact wall; their relative balance determines the increasing or decreasing amount of mass in the cavity correspondingly to the concurring oscillations of δν . Eventually note that the left hand side of Equation (28) defines the energy h m D ε ν ν = + to which contribute not only the radiation but also the matter through its evaporation rate mν . This conclusion automatically includes the interaction between photon and solid matter, without excluding of course that of photons with gas particles evaporated from the surface. Moreover the model provides thermodynamic information able to describe both the equilibrium state of the system and its transient deviation during its fluctuation.
Combine now Equations (24) and (6) to eliminate v; as h mvλ = owing to Equation (4) and thus 
Equations (29) and (30) concern both arbitrary square energies, a scale factor apart for the three quantities characterizing the initial ε and p of Equation (6), and thus are physically equivalent provided that and implies an appropriate scale factor that converts the initial m to m′ . In effect the variables of the problem are three, i.e ν , m and v, i.e. n; whatever the specific value of ( ) ζ < is a well known result of quantum gravity, which solves three cosmological paradoxes [8] . In conclusion, combining the zero order approximation of Equation (23) with Equation (6) one finds the classical expression of relativistic energy; the additional first order term accounts for the quantum correction of the rest energy 2 mc of cosmological significance. The Section 7 will
show that actually even this result is not accidental. The fact that 1 0 ζ < fits the physical meaning of the literature result stimulates a further idea. As
according to Equation (3), Equation (23) yields at the first order in analogy with Equation (3) but in a different reference system. Moreover admit for generality that 0 ε ′ and E′ depend on new mass m′ and frequency ν ′ ; thus, differentiating 0 n E ε ′ ′ ′ = exactly as before to infer Equation (21), one finds
In effect v′ has no peculiarity with respect to v previously introduced; both are arbitrary velocities, both fulfill the same kind of connection between 0 ε and E. If this reasoning is correct, then even this result must have a sensible physical meaning. The check is again carried out solving this primed differential equation. One finds
and thus
i.e. is admissible Equation (21) with the right hand side having the form v c instead of the definition (23) of ζ . In fact, this conclusion is still compatible with Equation (23) itself simply putting 0 0 ζ = as a particular case in an appropriate reference system. It is instructive to obtain this last result even through a different reasoning. Calculate via the second Equation (6)
The second position, allowed in principle by dimensional reasons, allows to handle the first equation as follows with the help of the first Equation (6) ( )
Note that there is no reference to v δ in this last result, which instead relates the changes of p and pv to dε of the energy. Assume therefore that these changes are due to dm and not to dv . In this case, the first Equation (6) yields It appears in conclusion that the term 0 ζ is enough for the purposes of the present model, while it is confirmed that the zero order term of the series (23) accounts for "classical" relativistic results. Implement then Equation (21) in the simplest form δε compatible with the given E and 0 ε ; in effect the arbitrary changes E δ and 0 δε are independent of the respective E and 0 ε , as already remarked.
In conclusion, to the four variables appearing in (17) correspond three Equations (3), (21) and (36); the free parameter k introduced in (18) is a freedom degree of the problem as a function of which are in principle determinable various E, m and v, i.e. n.
These results have been hitherto obtained without specific reference to the black body cavity and even regardless of the Planck formula. The next section concerns just this topic.
The Black Body
To specify the previous results in the case of radiation in a black body cavity of arbitrary volume V, it is useful to consider first the Planck law. Noting that this law reads
let us examine the three factors that define Pl ρ .
The degeneracy factor 2 of the Bose statistical distribution of photons with the same energy corresponds to the orthogonal polarizations of light [9] , to which is due the usual elliptic polarization of a light beam of frequency ν .
The factor 4π suggests an integration over a solid angle dΩ . The physical meaning of this statement is clarified below. It is anticipated here that the integral concerns the random impacts of photons on various points of the internal surface of the cavity because of multiple reflections; accordingly any element of this surface thermalizes the radiation trapped inside V.
The notation N V ν ν of the number density of photons with frequency ν emphasizes that just the wavelength c ν defines the volume V ν enclosing a cluster of V ν photons with the same frequency ν , whereas instead the true volume V of the cavity is seemingly irrelevant; it is replaced by the local volume defined by the cluster of photons themselves, supposed of course non-interacting at the usual temperatures at which is modeled and tested the black body radiation law. Also this crucial point is concerned below.
With these hints, is really easy to infer the Planck result even in the present physical frame only.
First of all, N ν is found implementing once more Equations (26) and (27). Integrate Equation (26) with the help of Equation (27) 
Note that o ε has the same form of µ of Equation (27) 
where clearly ν is in general anyone of the n ν frequencies allowed in the cavity. In this equation, the wavelength is regarded as measure unit to express the size of each V ν , which in this way results consistent by definition with the existence of standing waves. Moreover the obvious condition
is fulfilled because V has not yet been specified. Whatever V might be, the sum over the various ν can be replaced by that over an arbitrary real number n via the position pertinent to the lowest frequency only. Moreover if max n would be plain real number, the limit max 1 n → would yield 0 V → ; so the energy V η inside the cavity should vanish, unless admitting η → ∞ . These inconsistencies, not merely numerical but physical, can be due to nothing else but to the low values of n contributing to the sum badly approximated by the integration; indeed it is true that max n → ∞ behaves in fact like a continuous variable.
In effect the contribution of the low values of n is underestimated by the integration.
Examine therefore the chance that n can take integer values only: in this case one finds o V V > even for the lowest max 2 n = , whereas ( )
Also, V remains anyway finite because n cannot longer approach arbitrarily to 1.
It is known in effect that the steady wavelengths n λ allowed within a range x ∆ must fulfill the condition
with n integer; in other words, the electric field of an electromagnetic wave must vanish at the boundaries of its physical volume of confinement, correspondingly to wave nodes at the boundaries. The seemingly innocuous position (39) implies thus the energy quantization in the cavity. Equations (2) and (3) the black body physics, the sum (38) consists of independent terms. Considering one of these terms, ν η , and differentiating it, one finds at the first order
To highlight the physical meaning of the differentials δν and T δ , implement this equation to calculate the energy density per unit range δν , i.e.
All frequencies allowed in the cavity contribute to η according to Equation (41), whereas Equation (43) selects some frequencies in the range δν : i.e. ρ is an energy density per unit frequency range. All addends share the number density N V ν of a cluster of photons with the same frequency; regard thus this ratio as characteristic property of the cluster. Consider now that the thermal equilibrium inside the cavity requires the exchange of energy between the various V ν existing in the cavity. Since however the photons of each cluster have been assumed non-interacting, this exchange cannot be that between different clusters; hence the thermalizing interaction can be nothing else but that with the cavity surface enclosing all photon clusters and possibly with the gas matter evaporated from the walls of the cavity. This fact suggests that the equation ρ Ω of the photon cluster with elementary elements ds of internal surface of the cavity; this supports the idea of regarding ρ as a local quantity and ρ′ as an average global quantity. In other words, the integral corresponds to and represents the cumulative effect of all internal reflections of each photon cluster consistent with the physical model of black body cavity. This is equivalent to say that ρ concerns the local thermal equilibrium of the photon cluster with one arbitrary surface element ds only, ρ′ represents the complete thermal equilibrium after interaction of the cluster with the whole surface of the cavity. So ρ and ρ′ differ numerically because of the amount of corresponding energy density exchanged between radiation and surface. If Equation (44) leads to the correct formulation of the Planck law, then it also proofs indirectly that the photon thermalization mechanism occurs at the surface of the cavity.
The integration of d
ρ Ω ∫ is immediate admitting that the interaction process is isotropic, i.e. the energy exchange occurs uniformly for all frequencies and that any allowed ν is not appreciably perturbed by the small energy loss; being the radiation field at the equilibrium uniformly distributed inside the cavity, there is no dependence of ν upon the arbitrary direction along which is defined δΩ . So the result of the integration is simply 4π ρ ρ ′ = . Equation (43) yields therefore the following energy density per unit frequency thermalized by all possible paths of the ν-th cluster of photons in the cavity:
Noting that
This expression can be considerably simplified because ( ) 
Therefore, the plain Planck law corresponds to the particular set of frequencies that, among the ones allowed in the cavity, maximize the number density of photons with a given energy at a fixed T.
Actually, however, no physical reason requires without the constrain on T that annul the other terms; these terms account therefore for the frequency and temperature fluctuations with respect to the zero order term represented by the Planck function. This conclusion clarifies that δν and T δ represent just the frequency and temperature fluctuations of the cavity. In the present model it appears therefore that: • The interaction between degenerate photon clusters and internal walls of the cavity is responsible for the thermalization mechanism.
• The fluctuations are inferred contextually to the Planck law itself.
To emphasize these points, it is necessary now to link these fluctuations with Equations 
Black Body Fluctuation
The result (25) and Equation (44) is related to B k T . Even though the photons are admitted non-interacting, their thermalization process occurs by interaction both with the internal wall of the cavity and with the amount of matter expectedly evaporated and trapped in the cavity together with the radiation itself; clearly the gas phase is at the thermal equilibrium with the cavity wall. For sake of clarity, collect together Equations (3), (27) and (25); one finds
These equations evidence in particular 0 2
. . ,
whereas Equation (19) reads
Since k has been defined as a mean value in Equation (18), let then be 2 , k q n = being q an arbitrary constant. Then, Equation (36) yields .
;
, this is just the famous Einstein equation [10] . To find this result, Einstein quoted the energy of a sub-volume enclosed by a large volume, both concurring to the total volume of the cavity and exchanging energy. Here the role of the smaller volume is proportional to 0 ε , whose fluctuation is the source function of the Einstein model of a closed system. Actually this appears in Equation (44), because the photons are thermalized just impacting against the wall of the cavity, which is therefore the effective source of the photon energy. So it appears clearly that the fluctuations are controlled by the matter constituting the walls of the cavity; this conclusion has been in effect assumed in the paper [5] . .
According to the previous considerations, .
Discussion
The fluctuations are likely the most typical manifestation of the probabilistic character of the quantum world, while also being the most striking evidence of the quantum uncertainty. Nevertheless, elementary and straightforward considerations have shown that the equations describing the fluctuations are also compliant with relativistic corollaries: both have been concurrently inferred from Equation (1) in a unique theoretical frame. Despite the deterministic character of the relativity, the results so far outlined emphasize this seemingly surprising connection. Actually a similar conclusion was already found also in [7] implementing an operative definition of space time, i.e. introducing ab initio the quantity 2 hG c as a basic postulate to be handled subsequently likewise any fundamental physical law.
First of all, the present model plugs the problem of the black body radiation and its fluctuations in a wide context of physical laws having prospective interest for the non-equilibrium physics. The quantum basis of the Fick law is important because various physical properties, e.g. the heat and electrical conductivities, have analogous form; here, in particular, the diffusion equations are in principle necessary to account for the unstable concentration gradients reasonably expected in gas phase due to random concentration fluctuations of the matter evaporated from the internal surface of the cavity. In effect the dynamics of matter particles that diffuse from the walls of the cavity contributes to the thermalization process; in this respect, the model introduces concurrently even the free energy and entropy concepts useful to infer the Clausius-Clapeyron equation governing the vapor pressure and thus the amount of matter in gas phase filling the cavity together with the radiation. In view of that, the Planck law has been inferred in order to involve since the beginning the solid matter confining the photons and even their energy quantization and statistical distribution law. The interaction of photons with matter appears in fact essential to justify the thermalization mechanism. Strictly speaking, the radiation with wavelength larger than the finite size cavity should not be consistent with the standard approach to the Planck law; here however this problem is bypassed since the cavity volume V is not predetermined, rather it is determined by the radiation wavelengths themselves via the terms (39). Thus it is by definition compliant with the arbitrary size x ∆ defining the allowed frequencies according to Equations (1), (2) and (38). For these reasons, is reductive the model [10] focused on the radiation field in the cavity only. The black body radiation field and its fluctuations have been contextually inferred merging two separate paths: the one from Equations (14) to (20) is apparently independent on that leading from Equation (45) to Equation (53). The former series of equations does not refer specifically to the black body radiation, it introduces relationships between changes of dynamical variables that hold in general. The latter series of equations describes specifically the black body radiation under the boundary condition of Equation (20), which also implies Equations (21) to (24); this second path links the frequency and mass fluctuations, in agreement with Equations (4) to (9) . Then, Equation (36) introduces the thermal equilibrium of Equation (50) leading to Equation (53).
Yet other significant results are also easily inferable from the previous considerations of the Section 4.
For example, combining Equations (26) and (27) with Equation ( 
∫
Owing to the first Equation (27) put then
This Arrhenius-like equation is a well known property of the diffusion coefficient, whose quantum origin introduces the activation energy as a consequence.
Other important equations of processes activated by the temperature follow this kind of dependence upon B k T .
A further significant result is obtained from Equation (6), assuming that the momentum p is time dependent variable. This compels regarding the wavelength λ as time variable itself, as in effect it is possible because no restrictive hypothesis has been introduced about p and thus about λ in Equations (2) and (4). Deriving thus p h λ = with respect to time in the reference system R previously introduced to define t ∆ and x ∆ of Equation (2), one finds 2 , , .
It is possible to expand in series λ  around an arbitrary constant value o λ  , e.g.
being j a appropriate coefficients. Implement Equation (40) to express again length x ∆ as a function of wavelength λ ; here, however, λ is the momentum wavelength of Equation (5 
Since F is actually the component of a force along x ∆ , which can have both signs, consider for brevity of notation its absolute value only. This expression reads then . In lack of specific hypotheses, therefore, o λ  is consistent with stationary charges. In the case of gravity force, it is well known that the Newton law is generalized by the general relativity; it is reasonable therefore to expect that the terms of series expansions, here neglected preliminarily, account for the necessary relativistic corrections of the plain Newton law. To demonstrate this statement, calculate via Equation (56) (56) and (57) yield
Whatever the value of Γ might be, depending on the series coefficients j a , is remarkable the fact that the potential here inferred differs from the Newtonian form just because of the presence of terms neglected in the classical Equations (59) and (60). It is well known that the perihelion precession of orbiting bodies is correctly calculated in the general relativity by potential terms additional to the mere Gm r − , which however cannot be justified in the plain Newton model [11] . Here, in effect, additional terms appear as a natural consequence of λ  of Equation (56): there is no reason to assume that λ  be equal to the constant o λ  only, being instead reasonably expectable a more general form like that of Equation (57). Actually it is easy to show that U cannot be equal uniquely to the first addend; owing to Equation (60) one would infer indeed (56) and (61). This conclusion confirms therefore that the terms of the sum (57), neglected for simplicity in Equation (60), are in fact essential to agree with the finite light speed and have thus relativistic valence. It is possible to show the validity of these conclusions, which should hold for the Coulomb law as well, by demonstrating how to find well known results of the general relativity as a consequence of Equation (19).
To this purpose it is necessary to generalize what m δ actually means in , where the subscripts stand for orbiting and gravity field. It is known that the general relativity predicts in this respect two effects, the perihelion precession of m′ around m′′ and the emission of gravitational waves. Since these effects are concomitant, being both features of any orbiting system, the following discussion aims to examine jointly both of them.
Consider first just Equation (19) used to calculate the quantum fluctuations and note that the ratio at right hand side can be rewritten defining k such that ( )
i.e., likewise as done to infer Equations (12) and (59), the definition of Planck force is again implemented here to introduce G into the present problem. So, thanks to the arbitrary numerical factor k, the energy k E is rewritten in order to introduce the arbitrary displacement r ∆ too. Equation (19) reads thus 
one recognizes the well known formula of the perihelion precession. This identification needs however a detailed justification and explanation: helps to this purpose a further result related to the energy loss via gravitational waves, still implied by Equation (63). It is known that an isolated orbiting system irradiates energy all around in the space; the energy loss causes the orbit shrinking closer and closer towards the central mass.
The starting input to demonstrate this effect in the present context is still Equation (19), rewritten identically via Equation (35) as follows
i.e. k, whatever its specific value might be, has been split into k′ and k′′ suitable to obtain a new value of energy k ε from the early 0 ε . This is in principle possible because the values of these latter are both arbitrary. The fact that 
, being q arbitrary proportionality constant, then ( )
Hence the first Equation (65) reads
where the right hand side is constant. Integrating now both sides over the solid angle dΩ , one finds
The square energy at the right hand side is constant; since it consists of fundamental constants only, thanks to the position assumed for k′′ , it is reasonable to put
Replacing in Equation (66) 
With the minus sign and 1 n = , this expression is nothing else but the well known Einstein result of orbit contraction contextual to the emission of gravitational waves: indeed 4π approximates well the numerical value 64/5 of his original formula. This means that the possible time evolution of the orbiting system described by this energy equation is due to the integer n which can take different discrete values at various times; correspondingly, the orbiting system changes energy and orbital distance from the central mass as well simply according to n. This quantum behavior already found in [12] is not surprising, since the starting point of the present reasoning was the quantum law governing the energy fluctuations. The related energy change 
The second equation is well known in the elementary Kepler problem identifying r ∆ with the major semi-axis of the elliptic orbit. This result shows that the orbit size is subjected to change, concurrently to its angular displacement previously introduced;
indeed Equation (69) concerns in particular the perihelion distance. Once again appears the Einstein formula for 1 n = and without minus sign. The explanation of these two results and their connection with Equation (64) (68) and (69). In the Einstein result the orbital motion progressively decays towards distances closer and closer around the central gravitational mass with gradual energy loss only; accordingly, any orbiting system is destined to merge soon or later its bodies into a unique celestial body. In the present model instead Equation (68) is the distance gap between two contiguous orbits allowed with 1 n ∆ =, i.e. m′ can in principle decay or be excited towards a lower or higher n-th orbits. This also means that two gravitational systems can even exchange "resonant" energy, e.g. by exchanging gravitons, likewise as two atoms of the same kind do by exchanging photons if either of them is in any electron excited state and the other in the fundamental state. It is also evident the analogy with the electrons that do not fall on the nucleus, but occupy stable quantum levels. So the lack of minus sign means that the formulas concern the amount of quantum energy exchanged regardless of whether this energy is released or absorbed by a given orbital system.
Consider now any point of the ellipse at a given time t ∆ and at later time t′ ∆ ; e.g. this point could be, but not necessarily must be, the perihelion. Equation (68) of r ∆ 
shows that this point moves radially from its initial position, as it is evident in the momentum/position uncertainty Equation (67) implementing radial conjugate dynamical variables. Equation (64) accounts instead for the tangential motion of m′ in any given point along to the orbit: of course nothing, apart from the algebraic elaboration of the formulas, compels tangential displacement only or radial displacement only of the orbit of m′ . So, as previously emphasized, Equation (64) on the one hand and Equations (68) and (69) on the other hand simply complete each other in describing the dynamics of a unique phenomenon, i.e. the radial and tangential displacements of m′ along its orbit that rotates and deforms as a function of time; this is coherent with the fundamental idea of deformation of the space time in the presence of a gravitational mass m′′ . This is in effect the physical meaning of λ  in Equation (56), being λ linked to x ∆ via Equations (2) and (4). Note that m′ and m′′ can be exchanged while leaving identical the results: as nothing distinguishes the specific role of either of them from a physical point of view, one concludes that the concepts of gravitational and inertial mass are physically indistinguishable.
The idea of introducing Planck units is fruitful and general, as it is confirmed also in the following reasoning. Is really significant the fact that also this result of the general relativity is obtained implementing Equations (19) and (18), from which have been obtained Equation (50) and then the black body fluctuation Equation (53). A wider landscape of results of the general relativity is inferred via an "ab initio" theoretical model in [7] .
On the one hand, the result (60) highlights the quantum origin of the gravity force, simply inferable admitting time dependence of De Broglie momentum wavelength. In this respect Equation (59) prospects an interesting consequence as it yields 
So, owing to Equation (58), Equation (71) reduces to the trivial identity of two reciprocal surfaces A admitting the equality ranges that by definition satisfy the Heisenberg principle [7] . On the one hand this formal analogy explains why the formulas of the general relativity are also found via quantum approach; on the other hand their conceptual difference from the classical physics explains the difficulty of bridging relativistic and quantum ideas. However, the present reasoning shows that the link between quantum and relativistic physics exists indeed and is easily identifiable with the help of elementary considerations. Just this remarkable circumstance allows bridging quantum physics and relativity, despite the Einstein space time metrics is essentially classical physics extraordinarily enriched by the key concepts of four-dimensionality and covariancy of physical laws. In lack of a radically alternative way to infer the relativistic formulas, the mere attempt of modifying or perturbing the standard formulation of the general relativity to bridge deterministic metrics and probabilistic character of the non-real and non-local quantum world, would be difficult or even self-contradicting.
Conclusions
Starting from elementary considerations, the present model is allowed to describe the fluctuations in a wider theoretical context that includes even relativistic implications.
No "ad hoc" hypothesis has been necessary to infer relativistic results, which deserve a few final remarks. The first one emphasizes that in the present context they have been obtained regardless of any preliminary consideration about the covariancy of the physical laws and even about the metrics describing the space time deformation in the presence of matter; actually, instead, the hidden probabilistic meaning of the most famous results of the general relativity is easily acknowledgeable. The second one stresses an open point left by Equation (56) and omitted for brevity taking the absolute value of F in Equation (60), i.e. that the space time deformation inherent the time dependence of λ could imply in principle contraction or expansion of the range x ∆ and thus both signs of λ  ; hence, the signs of F correspond not only to attractive or repulsive interaction of the charges e′ and e′′ , well known, but also to different chances of gravity force. This point, also remarked in [7] [12], opens a critical problem about the existence of the anti-gravity. This conclusion deserves detailed investigation, too long and complex to be exposed in a short conclusion. A final remark deserves attention. With little effort and elementary mathematical formalism, Einstein could anticipate himself as done here the most significant discoveries of his general relativity: i.e., as side corollaries of Equation (54) describing the black body fluctuation. Unfortunately his paper [10] , despite its great historical relevance, was too purposely focused on the new born Planck physics. May be, the reluctance of Einstein to accept the weird quantum ideas has been the main conceptual obstacle to his opening towards the possible implications of the quantum fluctuations. It is surprising that great intuitions like the photon and the far reaching model of specific heat of solids settled eventually with the mere "hidden variables" of the EPR paradox. The present paper confirms indeed that there is no conceptual gap between quantum and relativistic ideas, as the conceptual foundations of both theories are actually rooted in the quantum concept of space time uncertainty [13] .
